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Abstract
The principal focus of the present work concerns the critical behaviors of a
class of three dimensional black holes with a scalar field hair. Since the cosmolog-
ical constant is viewed as a thermodynamic pressure and its conjugate quantity
as a volume, we examine such properties in terms of two parameters B and a.
The latters are related to the scalar field and the angular momentum respectively.
In particular, we give the equation of state predicting a critical universal number
depending on the (B, a) moduli space. In the vanishing limit of the B parameter,
we recover the usual perfect gas behavior appearing in the case of the non rotat-
ing BTZ black hole. We point out that in a generic region of the (B, a) moduli
space, the model behaves like a Van der Waals system.
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1 Introduction
Thermodynamic behaviors of black holes in various dimensions have received a
particular interest through recent important works [1-18]. The equation of state
for certain black holes has been established using an analysis that involves some
characteristics similar to the Van der Waals P-V diagram [1, 3, 16, 19, 20].
The P-V criticality of four dimensional RN-AdS black holes with spherical
configurations have been extensively studied. In particular, it has been shown a
remarkable interplay between the behaviors of the RN-AdS black hole systems
and the Van der Waals fluids [2]. The P-V criticality, the Gibbs free energy,
the first order phase transition and the behavior near the critical points can be
associated with the statistical liquid-gas systems. On the basis of [3], we have
studied the critical behaviors of charged RN-AdS black holes in arbitrary di-
mensions of the spacetime[9]. In fact, we have presented a comparative study
in terms of the dimension and the displacement of the critical points. We have
realized that these parameters can be explored to control the transition between
the small and the large black holes. More precisely, we have revealed that such
behaviors vary in terms of the dimension of the spacetime in which the black
hole belongs. A particular emphasis has been put on the three dimensional case
corresponding to the BTZ black hole whose critical behaviors are associated with
the ideal gas ones. More recently, a novel exact rotating black hole solution in
(2+ 1)-dimensional gravity with a non-minimally coupled scalar field has been
proposed in [21, 22] using an appropriate metric ansatz.
The study of such three dimensional blacks can be motivated by the recent
work on the graphene [23]. The latter is a two dimensional carbon material based
on the honeycomb structure having interesting properties. It behaves like a semi-
conductor with zero energy gap. Analytically, the corresponding low energy
excitations are described by the Dirac equation dealing with the 3 dimensional
massless fermions. Roughly, it has been realized that the curved graphene sheet
with negative constant curvature in the presence of an external magnetic source
could be modeled using a conformal BTZ black hole dual solution.
The present work concerns the critical behaviors of a class of three dimen-
sional black holes with a scalar field hair. Since the cosmological constant is
viewed as a thermodynamic pressure and its conjugate quantity as a volume, we
examine such properties in terms of two parameters B and a. These parameters
correspond to the scalar field and the angular momentum respectively. Among
our results, we derive the equation of state which predicts a critical universal
number depending on the (B, a) moduli space. If the B parameter is set equal
to zero, we recover the usual perfect gas behavior appearing in the case of the
non rotating BTZ black hole. We point out that in a generic region of the (B, a)
moduli space, the model behaves like a Van der Waals system.
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2 The charged non rotating case
To start, we consider the following action
I = 1
2
∫
d3x
√−g [R− gµν∇µφ∇νφ− ξRφ2 − 2V(φ)− 1
4
FµνF
µν
]
(1)
where F = dA is the field strength of the A gauge field and where V(φ) is
a scalar potential. In this action, ξ describes the coupling between the gravity
and the scalar field. Following [21, 22] and choosing ξ = 18 , the static and the
circularly symmetric solution can be obtained from the following metric
ds2 = − f (r)dt2 + 1
f (r)
dr2 + r2dψ2, (2)
where the space-time variables are −∞ < t < ∞, r ≤ 0 and −pi ≤ ψ ≤ pi. We
also assume that both the scalar field φ and the Maxwell field Aµ depend only
on the radial coordinate r. Under such assumptions, the Maxwell equation gives
Aµdx
µ = −Q ln
(
r
r0
)
dt (3)
where Q and r0 are integration constants. In fact, the Q is real and corresponds
to the electric charge. While r0 > 0 is associated with the radial position of the
zero electric potential surface, which can be considered as +∞.
In this context, the metric reads as
f (r) =
(
3β− Q
2
4
)
+
(
2β− Q
2
9
)
B
r
−Q2
(
1
2
+
B
3r
)
ln(r) +
r2
ℓ2
(4)
where Λ has been chosen to be − 1
ℓ2
due to the fact that in 3D the black hole
horizon can exist only for a negative cosmological constant. The parameter B
corresponds to the scalar field through φ(r) = ±
√
8B
r+B . It is worth noting that
the parameter β is related to the black hole mass M and its charge Q as follows
β =
1
3
(
Q2
4
−M
)
(5)
It is recalled that different models can be obtained by taking different choices for
the function f and the potential function. A priori there are many forms. How-
ever, will consider the same scalar potential where it appears the cosmological
constant [21]
V(φ) = − 1
ℓ2
+
1
512
(
1
ℓ2
+
β
B2
)
φ6 − 1
18432
(
Q2
b2
)
(192φ2 + 48φ4 + 5φ6)
+
1
3
(
Q2
B2
)[
2φ2
(8− φ2)2 −
1
1024
φ6 ln
(
B(8− φ2)
φ2
)]
(6)
This potential has many nice cosmological features. We will just quote some
of them. For very small values of the field, the potential behaves like 1
ℓ2
= Λ
3
playing the role of a (bare) cosmological constant. In principle, the constant
Λ can either be positive, zero or negative. However, if we wish to interpret
the solution as a black hole solution, Λ will be necessarily negative, because in
(2+ 1) dimensions, smooth black hole horizons can exist only in the presence
of a negative cosmological constant [28]. Moreover, this potential encodes the
contribution of the self interactions of the scalar field φ. For the uncharged black
hole (Q = 0), the potential, up some detail, reduces to the φ6, which matches
with black hole solution in three dimensions.
Now we discuss the thermodynamical quantities associated with the above
black hole solution. Before going ahead, we should define the Euclidean section
(t→ iτ) of the solution and identify the period βˆ of the imaginary time with the
inverse of temperature [24, 25]. In fact, performing the formula for the period,
βˆ = 4pi
f ′(r+)
, we get the Hawking temperature. It is given by
TH = −
(B+ r+)
(
4BQ2ℓ2 + 9Q2r+ℓ2 − 36r3+
)
24pir2+ℓ
2 (2B+ 3r+)
. (7)
It follows that the corresponding entropy function reads as
S =
pi
2G
r+. (8)
To derive the equation of state, we identify the cosmological constant with the
pressure by the relation[26]
ℓ
2 =
1
8piGP
. (9)
To get the state equation P = P(T, r+), we plug equation (9) in (7). Indeed, the
direct calculation produces the pressure function as follows
P =
BQ2
72pir3+
+
Q2
32pir2+
+
T
12 (B+ r+)
− T
6r+
. (10)
This equation is plotted on figure 1. Comparing the state equation (10) with the
one of Van der Waals fluid, we can indetifiy the specific volume with v = 2ℓPr+,
where ℓP is the Planck length [3]
It follows from the figure (1) that for weak value of horizon radius the pressure
decreases when the B parameter augments. Moreover, for the scalar field does
not bring any physical modification for large values of r+. This can be under-
stood from the curves shown in this figure.
It is also observed that the corresponding black hole does not have any critical
behavior. It looks like an ideal gas. This situation appears also in the case of BTZ
black hole showing a good agreement with the result obtained in [9]. We expect
that this feature should be true for all no rotating 3D-black holes. More general
behaviors can be obtained by implementing new physical parameters.
4
Figure 1: The P− r+ diagram of charged (2+ 1) black hole with the scalar field hair,
where the charge is equal to 1.
3 Uncharged rotating case
In what follow, we consider the 3D-dimensional gravity with a non-minimally
coupled scalar field. In the absence of the Maxwell gauge field, the model can be
described by the action
IR = 1
2
∫
d3x
√−g [R− gµν∇µφ∇νφ− ξRφ2 − 2V(φ)] (11)
Fixing the coupling constant ξ = 18 , the simplified rotating black solution can be
written as [21]
ds2 = − f (r)dt2 + 1
f (r)
dr2 + r2
(
dψ2 + ω(r)dt
)2
(12)
where the functions f and w are given respectively by
f (r) = 3β +
2Bβ
r
+
(3r+ 2B)2a2
r4
+
r2
ℓ2
(13)
ω = − (3r+ 2B)a
r3
(14)
To keep similar analysis given in [22], we consider the same the potential V(φ)
given by
V(φ) =
1
512
(
a2
(
φ6 − 40φ4 + 640φ2 − 4608) φ10
B4 (φ2 − 8)5
+ φ6
(
β
B2
+
1
ℓ2
)
+
1024
ℓ2
)
(15)
with β = −M3 . The new parameter a is a rotating parameter related to the
angular momentum. In this case, the Hawking temperature reads as
THa = −
3 (B+ r+)
(
4a2B2 + 12a2Br+ + 9a2r2+ − 8piPr6+
)
2pir5+ (2B+ 3r+)
. (16)
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Based on these quantities, the equation of state is
P =
(2B+ 3r+)
(
6a2B2 + 15a2Br+ + 9a2r2+ + 2pir
5
+T
)
24pir6+ (B+ r+)
. (17)
For the small values of the B parameter, the equation of state (17) becomes
P =
9a2
8pir4+
+
T
4r+
+ B
(
3a2
2pir5+
− T
12r2+
)
+O(B2). (18)
It is important to note that in the vanishing limit of the B parameter, the equation
of state reduces to an equation describing the ideal gas. From (18), we get for
the vanishing limit of parameters,
P =
T
4r+
. (19)
To transform the equation of state from the geometric form (18) to physical one,
we use the following redefinition
Press =
h¯c
ℓ2p
P, Temp =
h¯c
k
T. (20)
where the Planck length reads as ℓ2p =
h¯GN
c2
. Multiplying the equation (18) with
h¯c
ℓ2p
, we find
Press =
h¯c
ℓ2p
P =
h¯c
ℓ2p
[
T
4r+
+ · · ·
]
=
k Temp
4ℓ2pr+
+ · · · . (21)
If we compare this equation with the Van der Waals one
(
P+ a
v2
)
(v− b) = kT,
the specific volume can be then identified as[3]
v = 4ℓ2pr+. (22)
It follows also that the equation of state can be rewritten as
P =
T
v
+
288a2
piv4
+ B
(
1536a2
piv5
− 4T
3v2
)
. (23)
In fact, the discussion on the critical behavior depends on the (B, a) moduli
space. At the origin of this moduli space, the system describes a perfect gas
system. For generic regions of the moduli space, the corresponding behaviors
are shown in figure (2).
It has been observed that for T > Tc, the behavior looks like an extended
Van der Waals gas. The system exhibits an inflection point. The corresponding
critical point ensures a solution of the following conditions
∂P
∂v
= 0,
∂2P
∂v2
= 0. (24)
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Figure 2: The P− v diagram of rotating (2+ 1) black holes with an scalar field hair,
where Tc is the critical temperature and the charge is equal to 1.
The calculation gives the coordinates of the critical point given by
Tc =
9
(
5189+ 418
√
154
)
a2
50piB3
, vc =
4B
9
(√
154− 8
)
,
Pc =
59049a2
(
12B4 +
(√
154− 8
)
B3 − 6
(
12+
√
154
)
B+ 8
√
154+ 116
)
8
(√
154− 8
)5
piB3
(25)
From these equations we can see that the existence of the critical point is con-
trolled by the two parameters a and B. The discussion should be made in terms
of these two parameters. In this way, the (B, a) moduli space together with the
displacement of the critical point could be used to control the phase transition.
This transition looks like the transition between small and the large black holes.
The corresponding general study could be reported elsewhere.
A close inspection shows that the critical pression takes negative values in any
generic point in the (a, B) moduli space. Instead of giving an analytic demon-
stration, we plot the critical pression in such a moduli space.
It follows from the figure (4) that the critical pressure is always negative. In
fact, this is not a surprising feature since a similar thermodynamical situation is
usually associated with metastable states. For a generic temperature, the min-
imum in the loop of the van der Waals is isotherm at negative values of the
pressure. In nature, such a metastable negative pressure might be explored in
bringing water to the top of large trees [29, 30]. On the other hand, the situation
is analog to one associated with the trees. Inspired from this example, we can
suggest that the black hole eject the matter from the inside contrary to black hole
physics. In this way, this negative pressure behavior could push the matter out-
side of the horizon. It thus destroys the black hole object. This can be supported
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Figure 3: The critical pressure in moduli space (a, B).
by the fact that a negative pressure generates a positive cosmological constant
(9). It is worth noting that this natural feature deserves a deep concentration. We
will look on it in future.
The critical behavior produces the following universal number
χ =
Pcvc
Tc
=
12B4 +
(√
154− 8
)
B3 − 6
(
12+
√
154
)
B+ 116+ 8
√
154
116+ 8
√
154
. (26)
It is interesting to give some comments concerning this expression. First, it de-
pends only on the parameter B. More precisely, it depends on the value of the
scalar field. Second, for the vanishing limit of the B parameter, it can be reduced
to the usual equation χ = 1 describing an ideal gas.
I what follows, it should be interesting to discuss the stability of this kind of
black hole. In fact, it has been realized that the local stability of a thermodynamic
system, with respect to the small variations of the thermodynamic coordinates,
can be investigated by the study of the behavior of the energy, which should be
a convex function of its extensive variable. Moreover, the positivity of the heat
capacity C is sufficient to ensure the local stability in the canonical ensemble.
In the elaboration of the phase transition, two essential quantities are the heat
capacity (C) showing thermal stability for the positive heat capacity and the free
energy (F) indicating the global stability for F < 0 [33, 34]. Using the fact that
that the entropy of three dimensional black hole is related to horizon radius as
S = 4pir+, we can get the heat capacity via the following relation
Ca = T
(
∂2S
∂M2
)
=
4pir+ (B+ r+) (2B+ 3r+)
(
r6+ − a2ℓ2 (2B+ 3r+) 2
)
a2ℓ2 (2B+ 3r+) 3 (4B+ 3r+) + r6+ (4B
2 + 3r+ (2B+ r+))
,
(27)
with M is the mass of the black hole. In the case od non rotating, this quantity
is reduced to
C =
4pir+ (B+ r+) (2B+ 3r+)
4B2 + 3r+ (2B+ r+)
(28)
To understand such a behavior, we plot the corresponding quantities in term of
r+ for different values of a.
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Figure 4: The heat capacity for B = 1 and ℓ = 1/3.
It follows that, for the non rotating black hole solution, the heat capacity is always
positive showing the thermal stable. However, the introduction of the rotation
parameter destabilizes the black hole. This can be seen from from the figure 4
where the heat capacity is negative in the region r+ ≤ 1. This study, in fact, de-
serves deeper study to investigate the thermodynamical and statistical properties
of such a black hole. We hope to come back to this issue in future works
4 Conclusion
To conclude, we have investigated the thermodynamical behaviors of a class of
3D-black holes with a scalar hair, in the presence of the cosmological constant
considered as a thermodynamic pressure and its conjugate quantity as a vol-
ume. We have shown that the corresponding equation of state predicts a critical
universal number depending on the (B, a) moduli space. In the absence of the
B parameter, the usual perfect gas behavior appearing in the case of non rotat-
ing BTZ black hole has been obtained. We have remarkably pointed out a good
agreement of our analysis with the results given in [21].
It is worth noting that this study comes up with many open questions. In
fact, the calculation has been made only for some thermodynamical quantities.
To give a complete picture, others quantities should be implemented, including
free energy, partition function an so on.
In connection with the graphene, many efforts have been devoted to the study
of the opening energy gap using different approaches including the application
of the implementation of the magnetic field. Since in three dimensions, the gauge
field is dual to a scalar, the black holes presented in this paper could open win-
dows for such graphene activities. This is an important issue that deserves a
special investigation. In connection with these activities, [35] has shown that
quantum-corrected BTZ BH may evaporate or else anti-evaporate similarly to 4D
Nariai BH as is observed by Bousso and Hawking. It is should be interesting to
investigate the effect the introduction of the scalar hair on this context.
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